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Abstract We prove that, once an algorithm of perfect simulation for a stationary and er-
godic random field F taking values in SZ

d
, S a bounded subset of Rn, is provided, the speed

of convergence in the mean ergodic theorem occurs exponentially fast for F . Applications
from (non-equilibrium) statistical mechanics and interacting particle systems are presented.

Keywords Exponential rates · Ergodic theorem · Random fields · Perfect simulation

1 Introduction

This paper is about sufficient conditions for the occurrence of exponential rates of conver-
gence in the mean ergodic theorem for random fields taking values in R

Z
d
, that is, an array

of real random variables indexed by the points of Z
d .

If F ≡ (Fi)i∈Zd is a stationary and ergodic random field such that E(|F0|) < ∞, the mean
ergodic theorem states that

∑
i∈�n

Fi

|�n|
n−→ E(F0) a.s. and in L1
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We say that the convergence in the mean ergodic theorem occurs exponentially fast for F ,
if for all ε > 0

P

({∣
∣
∣
∣

∑
i∈�n

Fi

|�n| − E(F0)

∣
∣
∣
∣ > ε

})
n−→ 0 exp. fast

Since we will pursue a constructive approach, we make this meaning sufficiently clear
at once.1 Roughly speaking, we say that an ergodic and stationary random field F is con-
structable, if we can determine (with probability 1) the value of F0, the spin value at the
origin,2 from the knowledge of a finite (but random) number of i.i.d. uniform random vari-
ables (usually also indexed by points of the Z

d lattice). This notion corresponds to the idea
of perfect simulation (also known as exact sampling) stemming from the Propp-Wilson al-
gorithm for finite Markov chains [7] and in the past ten years has been extended to other
types of random objects, as in [2–4, 8, 9], for example. An important practical consequence
of constructing a prescribed random field is that we can sample F exactly over any finite
subset of Z

d generating for that purpose only a finite (random) number of i.i.d. uniform
random variables.

The central result of this paper (Theorem 1) states that, if F is constructable and the spin
space bounded, then convergence in the mean ergodic theorem occurs exponentially fast.
Previously, this property was known to occur for i.i.d. random fields (Cramér’s theorem),
Markov sequences ([1]), Gibb’s measures ([6]) and stationary distributions of attractive in-
teracting particle systems ([5]). In the present case, it is somewhat remarkable that large
deviations estimates may occur under such mild assumptions3 on F and the authors were
originally stricken when it was discovered that it was possible to prove large deviation esti-
mates for F (under the above construction assumptions) assuming “only”, in addition, that
the probability to use more than n uniform random variables to determine F0 should decay
faster than 1/n. However, as Jeffrey Steif pointed out, even this “mild” additional hypothesis
was unnecessary. The proof (of Theorem 1) we present in Sect. 4 is a slight modification of
our original proof made to dispense with the decay hypothesis above.

This paper is organized as follows. In Sect. 2 a simple example of construction is pre-
sented, so that the reader can bear a concrete image in mind while reading the abstract
definitions of Sect. 3 and the proof of Theorem 1 in Sect. 4.

2 Random Sequential Adsorption: A Concrete Example of Construction

In order to make the forthcoming sections more clear to the non-specialist, we found it
interesting to discuss briefly and informally a simple (but non trivial) example (from non-
equilibrium statistical mechanics) of construction of a thermodynamic limit random field.
We refer the reader to [8] for details and formal definitions.

For n ∈ N, consider the following (random) algorithm for the (finite volume) one-
dimensional nearest-neighbor-exclusion Random Sequential Adsorption model:

1See Sect. 3 for details.
2And consequently Fi , for all i ∈ Z

d , due to the stationarity of F .
3Under these sole assumptions, for example, one can only prove that pair correlations decay to zero (as
distance increases to infinity) but no further estimate is possible without further assumptions on F .
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Fig. 1 At time t = 0, the box �3 is empty. At time t = 1, a particle “chooses” site −1 and is fixed onto
it forever. Sites −2 and 0 are declared blocked. At time t = 2, another particle chooses site 2 (uniformly
amongst sites −3, 1, 2, 3). Sites 1 and 3 become blocked. At time t = 3, site −3 is chosen and the box �3
gets jammed

A site is chosen uniformly over the box �n = [−n,+n] and a particle is set onto it provided
the site itself and both its nearest neighbors are unoccupied. Once occupied, a site remains
so forever and both its neighbors are declared blocked. The process continues until all the
sites of �n are either blocked (spin 0/◦) or occupied (spin 1/•).

Figure 1 illustrates a realization of the above algorithm for n = 3.
Call Xn ∈ {0,1}�n the terminal/jammed configuration and μn its corresponding proba-

bility distribution.
Our aim is to describe a limit parking algorithm over the whole Z lattice in such a way

that X ∈ {0,1}Z, the corresponding (thermodynamic) jammed configuration, is distributed

according to μ
def= limn→∞ μn. This amounts to saying that the probability of occupying

the origin of Z in the thermodynamic limit corresponds to the limit (as n increases) of
the probabilities of occupying the center of �n in the finite (volume) algorithms described
above. And so forth, for every local event.4

We accomplish this task implementing all the finite algorithms together as follows

1. random numbers are (independently) generated throughout the Z lattice to produce a
(random) profile ω ∈ [0,1]Z.

2. each entry of ω = (ωi)i∈Z is interpreted as the time a particle arrives at site i and
3. each box �n is filled up to a jammed configuration according to the arrival times in ω

and respecting the nearest-neighbor-exclusion rule.

Figure 2 illustrates this procedure for a given ω.
Call l(ω), the first local minimum of ω to the left of 0 and r(ω), the first local minimum

of ω to the right of 0, so that l(ω) ≤ 0 ≤ r(ω).
The key to the limit algorithm is to notice that, provided n is large enough so that

[l(ω), r(ω)] ⊂ �n, all finite algorithms will produce the same spin value at the origin in their
corresponding jammed configurations. That is, given ω, all jammed configurations Xn(ω)

will share the same spin value at the origin, Xn(ω)[0], for n sufficiently large. Therefore
it is natural to define X(ω)[0], the spin value at the origin in the thermodynamic jammed
configuration, as this constant.

In fact, it is not difficult to figure out that this constant is equal to 1 if, and only if, both
l(ω) and r(ω) are even numbers and equal to 0, otherwise. In the above figure l(ω) = −3

4The limit in the above definition of μ refers to the topology of weak convergence of probability measures.
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Fig. 2 Box �1 as target: at time 0.69, the first particle occupies site −1, blocking site 0; at time 0.87 a
second particle occupies site 1, site 0 is already blocked and the target region gets jammed, so that the third
particle is lost at time 0.95; (1,0,1) is assigned to X1(ω). And so forth to the other boxes

and r(ω) = 4, so that, provided n ≥ 4, all Xn (and so X by definition) assign spin 0 to the
origin.

Since the thermodynamic jamming limit X is translation invariant, the same procedure
also applies to all sites of the Z lattice. Hence our task is completed.

In what follows, we call the rule of assigning a spin value to the origin from the knowl-
edge of a finite (but random) number of uniform random variables the construction function
for a prescribed (limit) random field.

3 Basic Definitions and Notation

Let � = [0,1]Z be the set of doubly infinite sequences of real numbers in [0,1] endowed
with the standard Borel (product) sigma-algebra B and Lebesgue product measure λ. Since
(�, B, λ) is a probability space, we will denote λ by P throughout this section.
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Points in � will be denoted by ω, (ωi), (ωi)i∈Z or more explicitly by (. . . ,ω−1,ω0,

ω1, . . .). Moreover, for n ∈ N = {0,1,2, . . .}, we make �i,n
def= {i − n, . . . , i,

. . . , i + n}, the box with radius n centered at site i ∈ Z and ω|�i,n
def= (ωi−n, . . . ,ωi, . . . ,

ωi+n), the restriction of ω to �i,n. For simplicity’s sake, we denote �0,n by �n.
Given a measurable function f : � → R, we define on � the doubly infinite sequence of

random variables (Yi)i∈Z by Yi = f ◦ θi , where [θi(ω)]j def= ωj+i is the usual shift operator in
[0,1]Z. By its definition Y ≡ (Yi) is an ergodic and stationary random field (taking values)
in R

Z.
In what follows, we will be interested in configurations ω ∈ � which determine Yi , the

spin value at site i, only with the information inside the box �i,n. For that purpose, for each
i ∈ Z, we define the random variable Ri : � → N by

Ri(ω)
def= inf{n ∈ N : (ω′|�i,n = ω|�i,n) ⇒ (Yi(ω

′) = Yi(ω))}
That is, on {Ri ≤ n}, Yi , the spin at site i, is determined with the information inside the

box �i,n.
Note that, at first, the Ri ’s are allowed to assume the ∞ value but in what follows we will

restrict this possibility to an event of probability zero.
Again, we denote R0 by R for simplicity and since Ri = R ◦ θi , (Ri)i∈Z is an ergodic and

stationary random field. In particular P({Ri ≤ n}) = P({R ≤ n}), for all i ∈ Z.
Now suppose that, given μ, a probability measure in (the Borel sigma-algebra of) R

Z,
we can identify a measurable map f : � → R such that the random field (Yi)i∈Z, defined by
Yi = f ◦ θi as above, is distributed exactly according to μ. If, besides, P({R > n}) converges
to 0 (as n increases), we say that f is a construction function for μ. Correspondingly, in case
μ is the probability distribution of a prescribed random field F (taking values) in R

Z, we
call f , a construction function for F .5

The notion of construction in the above paragraph corresponds to the idea of perfect
simulation (also known as exact sampling) in the sense that one can exactly simulate (in a
computer, for example) a finite window of a prescribed (limit) distribution. In this sense, Y

may be thought of as an explicit construction of F . Examples of perfect simulation of (limit)
random fields can be found in [2–4, 8, 9].

4 Main Result

If F ≡ (Fi)i∈Z is an ergodic and stationary random field in R
Z such that E(|F0|) < ∞, the

mean ergodic theorem states that
∑

i∈�n
Fi

|�n|
n−→ E(F0) a.s. and in L1 (1)

We say that the convergence in the mean ergodic theorem occurs exponentially fast for
F , if for all ε > 0

P

({∣
∣
∣
∣

∑
i∈�n

Fi

|�n| − E(F0)

∣
∣
∣
∣ > ε

})
n−→ 0 exp. fast (2)

5Once identified, f will be well defined up to an event of probability zero.
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in the sense that we can find positive constants C and α (depending on ε) such that the
probabilities in (2) are bounded by C exp(−α · |�n|). In this case we also say that exponential
rates of convergence in the mean ergodic theorem apply to F .

Exponential rates of convergence in the mean ergodic theorem are known to occur for
i.i.d. random fields (Cramér’s theorem), Markov sequences ([1]), Gibb’s measures ([6]) and
stationary distributions of attractive interacting particle systems ([5]). In the sequel we prove
that 2 also holds, provided we can identify a bounded construction function for F .6

Theorem 1 If a bounded construction function f is identified for a random field F taking
values in R

Z, then exponential rates of convergence in the mean ergodic theorem apply to F .

Proof Suppose ε > 0 is given.
Without loss of generality we assume that f : � → [−1/2,1/2] and E(F0) = 0. More-

over, we adhere to the notation of Sect. 3 and define on � the random field Y ≡ (Yi)i∈Z by
Yi = f ◦ θi . We recall that both Y and F share the same probability distribution μ in R

Z.
The key idea to the proof is to construct on an enlarged probability space a copy W

of Y together with W ′, a field that approximates W locally and, at the same time, is block
dependent, that is the local spins W ′

i and W ′
j are independent whenever the distance between

sites i and j is sufficiently large. We proceed with this construction below.
Let U ≡ (Ui)i∈Z and V ≡ (Vi,j )i∈Z,j∈Z be two independent i.i.d. families of uniform

random variables in [0,1] defined on an abstract probability space (X, X ,P).7

Since U is distributed (in �) according to λ, it is clear that the random field W ≡
(Wi)i∈Z

def= Y (U), such that Wi = f (. . . ,Ui−n, . . . ,Ui, . . . ,Ui+n, . . .), is also distributed ac-
cording to μ.

Choose n′ large enough so that

λ({R > n′}) < ε/4 (3)

and define the random field W ′ ≡ (W ′
i )i∈Z by

W ′
i = f (. . . , Vi−n′−2,i , Vi−n′−1,i ,Ui−n′ , . . . ,Ui, . . . ,Ui+n′ ,Vi+n′+1,i , Vi+n′+2,i , . . .)

That is, at each site i ∈ Z, W ′ shares the same information as W on the box �i,n′ , which
implies that P({W ′

i �= Wi}) < ε/4 in view of (3). Moreover W ′
i and W ′

j are indepen-
dent, provided that |i − j | > 2n′ because under this condition W ′

i and W ′
j are measure-

able on independent sigma-algebras, viz σ(. . . , Vi−n′−2,i , Vi−n′−1,i ,Ui−n′ , . . . ,Ui, . . . ,Ui+n′ ,
Vi+n′+1,i , Vi+n′+2,i , . . .) and σ(. . . , Vj−n′−2,j , Vj−n′−1,j ,Uj−n′ , . . . ,Uj , . . . ,Uj+n′ ,Vj+n′+1,j ,

Vj+n′+2,j , . . .) respectively. That is, W ′ is a block dependent stationary and ergodic random
field. Therefore exponential rates of convergence in the mean ergodic theorem apply to W ′,
so that

P

({∣
∣
∣
∣

∑
i∈�n

W ′
i

|�n|
∣
∣
∣
∣ > ε/2

})
n−→ 0 exp. fast (4)

At last, define I ≡ (Ii)i∈Z by

Ii =
{

1 on {Ri(U) > n′}
0 on {Ri(U) ≤ n′}

6A straightforward application of the first Borel-Cantelli lemma shows that (2) is stronger than (1).
7To avoid ambiguity, henceforth we denote the probability measure of � (Sect. 3) only by λ.
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In words, Ii indicates whether the information inside the box �i,n′ is not sufficient to
determine Wi . As before, the random variables Ii and Ij will independent whenever
|i − j | > 2n′ because Ii and Ij are measureable on independent sigma-algebras, viz
σ(Ui−n′ , . . . ,Ui, . . . ,Ui+n′) and σ(Uj−n′ , . . . ,Uj , . . . ,Uj+n′) respectively. Hence I is a
block dependent, stationary and ergodic random field with 0 ≤ E(I0) = P({Ri(U) > n′}) <

ε/4 and therefore

P

({∑
i∈�n

Ii

|�n| > ε/2

})
n−→ 0 exp. fast (5)

Now observe that
∣
∣
∣
∣

∑
i∈�n

Wi − W ′
i

|�n|
∣
∣
∣
∣ ≤

∑
i∈�n

|Wi − W ′
i |

|�n| ≤
∑

i∈�n
Ii

|�n| (6)

since by our former assumption on the range of f , casual discrepancies between Wi and W ′
i

on {Ri(U) > n′} are bounded by 1 and

∣
∣
∣
∣

∑
i∈�n

Wi

|�n|
∣
∣
∣
∣ =

∣
∣
∣
∣

∑
i∈�n

(Wi − W ′
i ) + W ′

i )

|�n|
∣
∣
∣
∣

≤
∣
∣
∣
∣

∑
i∈�n

Wi − W ′
i

|�n|
∣
∣
∣
∣ +

∣
∣
∣
∣

∑
i∈�n

W ′
i

|�n|
∣
∣
∣
∣

≤
∑

i∈�n
Ii

|�n| +
∣
∣
∣
∣

∑
i∈�n

W ′
i

|�n|
∣
∣
∣
∣ (7)

So that
{∣
∣
∣
∣

∑
i∈�n

Wi

|�n|
∣
∣
∣
∣ > ε

}

⊂
{∑

i∈�n
Ii

|�n| > ε/2

}

∪
{∣
∣
∣
∣

∑
i∈�n

W ′
i

|�n|
∣
∣
∣
∣ > ε/2

}

(8)

and thus (5) and (4) together yield

P

({∣
∣
∣
∣

∑
i∈�n

Wi

|�n|
∣
∣
∣
∣ > ε

})
n−→ 0 exp. fast (9)

The result follows observing that W has the same distribution of F . �

4.1 Remarks and Open Problem about Theorem 1

Of course if the range of f is not [−1/2,1/2] or E(f ) �= 0 the result follows applying a
linear transformation to f . Moreover, a close observation to all steps in the above proof
shows that it is dimension- independent, that is, it works out equally well in any dimension.
At least, the range of f could be assumed to be any bounded subset of R

n so that Theorem 1
could be rephrased as follows

Theorem 2 If a bounded construction function f is identified for a random field F taking
values in (Rn)Z

d
, then exponential rates of convergence in the (multidimensional) mean

ergodic theorem apply to F .

A more subtle point is the following. In many applications (especially those coming from
interacting particle systems) it is convenient to attach more than a single uniform random
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variable to each site of Z
d . Again, a close examination of the above proof would indicate

it also works out adequately in this slightly different context. The important fact being how
far f takes information from and not how much data is attached to each site of Z

d .
On the order hand, the boundedness assumption about the construction function f seems

hard to weaken. It is reasonable to conjecture that Theorem 1 still remains valid (perhaps
under further suitable assumptions on the tail of R), provided (the distribution of) f has
exponential tails, since this is indeed the case for i.i.d. random fields (Cramér’s theorem).
Whether this is true or not, we don’t know.

Acknowledgements The authors are thankful to Jeffrey Steif for his comments on the proof of Theorem 1
and to K. Marton and P. Shields from whom Steif’s ideas probably stem.
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